PSEUDO-DIFFERENTIAL EQUATIONS CONNECTED WITH
p—ADIC FORMS AND LOCAL ZETA FUNCTIONS

W. A. ZUNIGA-GALINDO

ABSTRACT. We study the asymptotics of fundamental solutions of p-adic pseudo-
differential equations of type

(f(0,8) + Nu=g,
where f(9,8) is a pseudo-differential operator with symbol |f|f(7 B>0, fisa

form of arbitrary degree with coefficients in a p—adic field, A > 0, and g is a
Schwartz-Bruhat function.

1. INTRODUCTION

Let K be a p—adic field, i.e. [K :Qp] < co. Let Rx be the valuation ring of
K, Py the maximal ideal of Ry, and K = Ry / Pg the residue field of K.
The cardinality of K is denoted by q. For z € K, v(z) € Z U {+00} denotes the
valuation of 2, |z, = ¢7**) and ac z = 2p~*(*) where p is a fixed uniformizing
parameter for Ry. For = (21,... ,2,) € K" we put ||z| , = maxi<i<n |Ti| -

We denote by S(K™) the C-vector space of Schwartz-Bruhat functions over K™.
The dual space S’(K™) is the space of distributions over K™. Let f = f (z) € K [z],
x = (x1,...,%,), be a non-constant polynomial, and 3 a positive real number. A
p-adic pseudo-differential operator f(9, ), with symbol | f |€(, is an operator of the
form

f9,8): S(KE") — S(K™)
o — FfRF@),

where F is the Fourier transform. The operator f(9, 3) is continuous and has self-
adjoint extension with dense domain in L? (K™). This operator is considered to be
a p—adic analogue of a linear partial differential operator with constant coefficients.
The p-adic pseudo-differential equation

(1.1) f(0,8)u=g, geSK"),

is naturally associate to f(9, 3). The theory of p—adic pseudo-differential equations
is emerging motivated by the use of p—adic models in physics [10], [19]. The state
of the art of the theory of p—adic pseudo-differential operators is exposed in a recent
book by Kochubei [10]. The simplest possible operator has symbol |x|€(, 8> 0.
Vladimirov studied extensively this class of operators showing, among other results,
the existence of fundamental solutions [18], [19]. Kochubei showed the existence of
fundamental solutions for elliptic operators, i.e., for operators with symbols of the
form |f (z1,... ,xn)@, B >0, where f(x1,...,z,) is a quadratic form satisfying
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[z, .. 2) # 0 when |z1| + .. + |2n]x # 0, [10], [11]. In [14] Khrennikov
considered spaces of functions and distributions defined outside the singularities
of a symbol, in this situation he showed the existence of a fundamental solution
for a p—adic pseudo-differential equation with symbol a (£) # 0. In a recent note
[21] the author observed that Atiyah’s proof [1] for the existence of a fundamental
solution for a linear partial differential operator with constant coefficients can be
adapted to the p—adic case. In this proof the meromorphic continuation of the
Igusa local zeta function plays a central role. On the other hand, Jang [9] and Sato
[15] showed explicitly a connection between the local zeta function of a quadratic
form and the p—adic Green function G (a fundamental solution) of the following
pseudo-differential equation

(1.2) (fO0,8)+Nu=g, A>0, g S(K"),

when § = 1, and f is a relative invariant of some prehomogeneous vector space.
In [15] Sato showed that the asymptotics of Gy, as |f|, — o0, is controlled by
the gamma factor of the functional equation of the local zeta function associated
to f. Previously, Kochubei [12], [13], had described the asymptotics of Gy, at the
infinity and at the origin, when f (9, 3) is an elliptic operator.

This paper is dedicated to the study of the asymptotics of fundamental solutions
for (1.1) and (1.2) when f is a homogeneous polynomial in an arbitrary number
of variables. We construct fundamental solutions “at infinity and at the origin”
for (1.1), that is, solutions of (1.1 ) when g is the characteristic function of a ball
around the infinity, respectively, around the origin (cf. Theorem 3.1, and Corollary
3.1). The proof of Theorem 3.1 uses resolution of singularities [3], and some ideas
developed by Atiyah for solving the problem of division of a distribution by an
analytic function [1]. The techniques used in the proof of Theorem 3.1 allow us to
establish a functional equation for the distributions of type x(ac f)|f|} (cf. The-
orem 2.2) on a certain subspace of S(K™). Functional equations for distributions
of type x (ac f)|f|}% have been obtained by Igusa [8], Sato [16], Gyoja [4], and
Denef and Meuser [2].

We also give the asymptotic expansion of the Green function Gy (z) as |||/, —
oo (cf. Theorem 4.1). The proof of this result uses the technique of integration on
the fibers and some properties of the Igusa local zeta function. Kochubei studied
the asymptotics of the Green functions associated with elliptic operators [10, Sect.
2.8], [12], [13], at infinity and at the origin. The asymptotics obtained by Kochubei
at infinity can be recovered from Theorem 4.1.

2. PRELIMINARIES
Let ¥ : K — C* be the additive character defined by
v: K — Qp - Q,/Z, — Cc*
r — Trgp, (x) Yy —  exp (2miy),

where Trgq, is the trace mapping. Let |dx| denote the Haar measure on K"
normalized such that vol(R%) = 1. We shall identify the n—dimensional K —vector
space K™ with its dual vector space via the standard inner product

n
[xay] = ley“ T,y e K",
i=1
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The Haar measure |dz| is autodual with respect the pairing ¥ ([x,y]). For ® €
S(K™), the Fourier transform F® of ® is defined by

(FB) (€) = / B (2) U (— [2,€]) |de]|

Kn

The Fourier transform induces a linear isomorphism of S(K™) onto itself, and the
inverse transform is given by

B (x) = / (FB) (€) U ([, €]) |de]

Kn

The Fourier transform can be extended to an isometry of L? (K™) onto L? (K™).

We denote by S’'(K™) the dual space of S(K™), i.e. the space of complex valued
distributions on K. If T € S’(K™), we denote by FT its Fourier transform, that
is the distribution (FT ,®) = (T, F®).

2.1. The Riesz kernel. We shall collect some well-known results about the Riesz
kernel that will be used in the next sections [17], [19].

The p—adic Gamma function T',, (o) is defined as follows

1— qa—n

Fn(a)—m,ae(&a;&o.

27
logq

The Gamma function is meromorphic with simple zeros at n +
simple pole at a = 0. In addition, it satisfies

Z and unique

Fn(a)Fn(n—a):La¢{O}U{n—i—%z; zEZ}.

The Riesz kernel R, is the distribution determined by the function

H$||‘I)‘(_" v K Re(a) > 0,0 dnt 271
(o)’ ’ ’ log q

Ra () =

The Riesz kernel possesses, as a distribution, a meromorphic continuation to C
given by

Rt = 20) (=) + (7o) [ @@ - 2O el o

llz|l <1
1- q—a a—n
(2.1) + T—gn @ (z) ||lzllx " [dal,
H$”K>1

with poles at n + ﬁg’;}Z. We note that (Ra, ®) |a=o= (6, D), i.e. %(0) llz| %" is

equal to the Dirac delta function.

Proposition 2.1 ([17, Theorem 4.5]). As elements of S'(K™),

a—n W 2 .
f<||x|K >—|x||K, winy 2y

Iy () log q
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2.2. Igusa’s local zeta function. Let g(z) € K [z], x = (21,... ,2,), be a non-
constant polynomial, the p—adic complex power |g|} associated to g (also called
the Igusa local zeta function of g) is the distribution

22 (gli.®) = / B () ]g (2)]% |dz], s € C, Re(s) > 0.
Kn\g—1(0)

For a fixed ® we put Zg (s, 9) = (|g|% , ®), Re(s) > 0. In the case in which @ is the
characteristic function of R% we denote the local zeta function of g by Z (s, g).
The local zeta functions were introduced by Weil [20] and their basic properties for
general g were first studied by Igusa [5], [6].

A basic tool in the study of the local zeta functions is Hironaka’s resolution The-
orem [3]. This theorem guarantees the existence of an n—dimensional K —analytic
manifold Y, a finite set E = {E} of closed submanifolds of Y of codimension 1 with
a pair of positive integers (Ng,ng) assigned to each E, and a proper K—analytic
map h:Y — K" satisfying the following properties: (I) (g o h)f1 (0) = UgeeF;
(IT) the restriction of i to Y \h™! (¢~*(0)) is an isomorphism onto its image; and
(III) at every point b of Y if F4,... , E, are all the E in £ containing b with respec-
tive local equations yi,... ,y, around b and (N;,n;) = (Ng,ng) for E = E;, then

there exist local coordinates of ¥ around b of the form (y1,...,%p, Ypt1:--- s ¥Un)
such that
goh=c¢ H yZN ‘
1<i<p

on some neighborhood of b, with € a unit of the local ring of Y at b. The pair (h,Y)
is called a resolution of singularities for g=1(0), and Ugeg {(Ng,ng)} is the set of
numerical data of h. A central result in the theory of local zeta functions is the
following.

Theorem 2.1 (Igusa, [5, Theorem 8.2.1]). Let g(x) € K [z] be a non-constant poly-
nomial. The distribution |g|} admits a meromorphic continuation to the complex
plane such that (|g|} ,®) is a rational function of ¢=* for each ® € S(K™). Fur-
thermore, if h:Y — K™ is a resolution of singularities of g~*(0), with numerical
data Ugeg {(Ng,ng)}, then

IT (1= lali

Ec&

is a holomorphic distribution. In particular the real parts of the poles of |g|5 are
negative rational numbers.

We shall denote by |g|% the meromorphic continuation of distribution (2.2),
and by Z(s,g), the integral fR?{ lg (2)]5% |dz|, Re(s) > 0, and its meromorphic
continuation to the complex plane. Theorem 2.1 is valid for distributions of the
form x (ac g) |g|5%, where x is a multiplicative character of R} (cf. [5, Theorem
8.2.1)).

We set (U, | € Z, for the characteristic function of the ball (PL)". We denote by
Ag(K™) the C-vector space generated by €, 1 € N, by A, (K™) the C-vector space
generated by Q_;, | € N, and by A(K™) the C-vector space Ag(K"™) & Ay (K™).
The Fourier transform establishes a C-isomorphism between Ag(K"™) and Ay (K™),
and therefore a C-isomorphism from A(K™) onto itself.
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Lemma 2.1. Let f(z) € K [z] be a form of degree d. Then the distribution |f|3
satisfies
ds

Ul #) = (T2 ) 205, R 9).
fors € C, and ® € A(K™).

Proof. Every ® € A(K™) is a finite linear combination of the form

(I)($) = ZCini (l‘),

where ¢; € C, l; € Z, and ), is the characteristic function of the ball (Pé) . The

action of |f|} on F® can be explicitly described as follows:
(2:3) (f5 F®) = ci (Il a ™),
i

and since

(2.4) (flie g ™) =g~ / |f (@) @, (2) |dz| = Z(s, f)g™*,

n

for Re (s) > 0, it follows from (2.3) that
(2.5) (f3%, F®) = Z(s, f) Zciqdlis, for Re(s) > 0.

On the other hand,

1— qu ol 1— q—n—ds ds ol L
2.6 Ras ns ey ) = 5 MO, ) = I'Sv
(2.6) <1q" ds+ns 4 l; 1—q " %] > a l; q

for every I; € Z, and Re(s) > 0. Then (2.5) and (2.6) imply that

_ .ds
27) (- 70) = (75 ) 206 5) (R, 9.

for Re(s) > 0. By Theorem 2.1 and (2.1), |f|%, Z(s, f), and Rgs+n have a mero-
morphic continuation to the complex plane, therefore (2.7) extends to C. Finally,
since the Fourier transform establishes a C-isomorphism from A(K™) onto itself, it
is possible to remove the Fourier transform symbol in (2.7). I

Theorem 2.2. Let f(z) € K [z] be a non-constant form of degree d. Then the
distribution |f|}; satisfies

Zsf) )yt
2. S0y = 0 @ Fo d e A(K™).
28) (Ml ®) = 7 (M7 72), s e\ 0}, @€ AKT)
Proof. Suppose that ds ¢ —n + igiqz, by rewriting (2.7) as

1— qfnfds
@9 fli.rw = (L) 260 (el ). sec
and applying Proposition 2.1 we obtain that

ds

(2.10) (- 70) = (= ) 206 5) (el @),

1—q™™
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for s € C\ {—n+ li;”;lZ}. By making s — — (8+ %) in (2.10), it takes the

following form:

e (R ) = () 2= 2 (el @),

logq

C\{ZL7Z+. In order to complete the proof, we have to show that (2.8) is valid
log ¢

for s € C\ { s } By comparing (2.11) and (2.9), we obtain (2.8) for s €

for s € {lﬁgiqZ}. We recall that Ry = 4, i.e. #(0) llz]|x" is equal to the Dirac

delta function. In the case in which ds +n = 0 mod 2227, (2.7) takes the form

n

(Ifl? FO) = Z(-Z. ) (Ro, F) = Z(~=, /) (6, F)

n _ n
(212) = 22 p(F e @) = 2(-2 (1, @),

On the other hand, since |f|} is holomorphic at zero, the Lebesgue Lemma
implies that

(213) (5. @) = lim 71 @) = [ @ ) do] = (1,).
K"L
In particular
(2.14) Z(0,f) = 1.
Then from (2.12)-(2.14) follow that
Z(0, f) _n
2.1 W @)= (1, @) = 2 T FD).
(2.15) (I7lic-2) =1, @) = 5 (1117 7e)
Therefore (2.8) is valid for every for s € {lzgiq } |

We note that Lemma 2.1 and Theorem 2.2 are valid for distributions of the form

(x(ac f)|flx,®) = / © (z) x (ac f () |f (@) |da] -

Functional equations for distributions of type x (ac f)|f|% have been obtain by
Igusa [8], Sato [16], Gyoja [4], and Denef and Meuser [2].

3. FUNDAMENTAL SOLUTIONS OF p—ADIC PSEUDO-DIFFERENTIAL EQUATIONS

Given a polynomial function f(x1,...,x,) with coefficients in K we define a
pseudo-differential operator f(9,3), 5 > 0, that acts on functions in S(K™) by

f0.92 @) = F(fIkFe) @)

If W) (F®) (y) ¥ ([, y]) dy.
K™\f=1(0)

Since \f|€< F [gn\f-1(0)€ S(K™), and the Fourier transform is a linear isomor-
phism from S(K™) onto itself, it holds that f(9,08)® € S(K™). Thus f(9,03) is a
linear operator from S(K™) into S(K™). The operator f(0, () is continuous and
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has a self-adjoint extension with dense domain in L? (K™). We associate to (9, )
the following p-adic pseudo-differential equation:

(3.1) f0,8)u=g, geV CSK").

A fundamental solution for (3.1) on V is a distribution Eg such that u = Egx*g
is a solution. In a recent note [21] the author observed that Atiyah’s proof of
the existence of a fundamental solution for a differential operator with constant
coefficients can be adapted to prove the existence of a fundamental solution for
(3.1) on S(K™).

The following Theorem describes explicitly a fundamental solution of (3.1) as a
distribution on A (K™) when f(z) is a form of degree d in n variables.

Theorem 3.1. Let f (z) € K [x1,... ,2,] \ K be a form of degree d, and f(0,[)
the p-adic pseudo-differential operator with symbol \f@, 6>0.If

8¢ usee {32 bu{-F vt eRIZ0nn) =0},

where Uges {(Ng,ng)} are the numerical data of a resolution of singularities
(Y, h) for f=1(0), then the distribution

_ g8
Bol) = (125 ) 2 (=6 el

is a fundamental solution of the p-adic pseudo-differential equation f(9,B)u =g,
with g € A(K™).

Proof. We set Eg = F T, where T € S'(K™) satisfying |f|€< T=1. Then Egisa
fundamental solution of (3.1). In order to prove the existence of T' we proceed as

follows. By Theorem 2.1 the distribution |f|} has a meromorphic continuation to
C. Let

(3.2) ‘fﬁ'{ = Z T (s + 6)m

mEZ

be the Laurent expansion at —( with T,,, € S’(K™) for all m. Since the real parts of
the poles of | f|} are negative rational numbers by Theorem 2.1, |f|§<+ﬁ = \f|€( |f 1%
is holomorphic at s = —3. Therefore | f |§< Ty, =0 for all m < 0 and

(3.3) I = Tolflh + > T 11 (s + O™
m=1

By using the Lebesgue Lemma and (3.3)

slj@ﬁ<|f\?ﬂ,¢>> = /«b(x)\dx\:a,q))

Kn
(3.4) = Tylf%.

Therefore we can take T' = Ty. Now since (| f|% ,®) is a rational function of ¢~
for every ® in S(K™), and —03 is not a pole of | f|} it holds that

<T0a (I)> = SEHJB <|f‘§(7¢’> )

S
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for every ® in S(K™), i.e.,

35) Ty = lim |/l
In order to find Eg, we compute explicitly Tp by using (3.5), and then Eg as
F~'Ty. By Lemma 2.1
s 1— q—n—ds
3.6 = —
(55) 1= (=
as a distribution on A (K™). By using (3.5) we obtain from (3.6) that

) Z(s, 1) 2|, s e,

—n

_ ,—n+p0d
57) 1= () 25,0 el

as a distribution on A (K™). If 8 # %, using Proposition (2.1) and the fact that
the Fourier transform is an isomorphism on A (K™), we obtain that F~!Tj is equal
to

_g—9B
B (0) = (T2 ) 2Dl i85 £ 5,

as a distribution on A (K™). Finally, the condition Z(—8, f) # 0 implies Ez # 0. 11

3.1. Remarks. Let F be in §'(K™), and g a complex valued function defined on
X C K" having

oo
9(x) = arpy (x), x— w0,
i=0
as an asymptotic expansion as x tends to xg, here x( is a limit point of X. If

E.9) = [ @0 @),
K’V‘l,
for any ® € S(K™) whose support is contained in a sufficiently small ball around

xg, then we shall say that E has an asymptotic expansion as x tends to xg, and
write

k
E(x) = 3" anp (1) +0 (g (@), @ = .

Corollary 3.1. With the hypothesis of Theorem 3.1, it holds that (I) Eg(z) =
O (Jl2ll? ™) as llzll,c = 0; (11) Ea(@) = O (2 *) as el — 0. Moreover,

the fundamental solution Eg(x) is non-singular at the origin if 3 > 4.

Proof. The first part follows directly from Theorem 3.1, and Remark 3.1 (3). The
second part follows from the fact that

dB—n

(Es(x), Q) = (Ea(x), FQ) = <<%

—) 2.0l ).
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3.2. Elliptic pseudo-differential operators. A quadratic form
h(.’El,... 7xn) S Qp[‘rh'" 7$n] ) p# 27

is called elliptic (or anisotropic) if it satisfies
(3.8) My, ... an) #00f 21]g + ...+ [anlg, # 0.

Other quadratic forms are called isotropic. A pseudo-differential operator h(9, 3)
with symbol \h|€< satisfying (3.8) is called an elliptic operator. It is well-known that
there no exist anisotropic quadratic forms if n > 5. The following table shows all
the anisotropic quadratic forms up to linear isomorphism.

n Quadratic Forms
2 | h(zy, @) =af —7123, 7€ Q\QQp, T =67 =p, T =epe € LS
(3.9) 3 h(xlv@rfﬁg) = pféxr“{ +_€21’§ + €373, €1, 62,63 € L),
€215 +egag # 0if |21 + |22, #0
4 | h(zy, 9,23, 74) = 23 — 823 — px3 + spa3, s € Z, with (%) =-1

Our next goal is to determine a fundamental solution for an elliptic operator
on A(K™). The first step is to calculate Z(s,h). This calculation can be easily ac-
complished by using the p—adic stationary phase formula. This method introduced
by Igusa [7] permits the calculation of the local zeta function for a wide class of
polynomials [7, and the references therein], [22], [23], [24].

If h(z) € R [x1,... 2]\ pRK [21,...,7,], we denote by h (z) its reduction
modulo pRg .

Proposition 3.1 ([5, Proposition 10.2.1]). If

h(x) € Rk [x1,... ,2n] \ PRK [T1,. .. , Tn]
is a homogeneous polynomial of degree d such that h (@) = gTE (@=0for1<i<n
implies @ = 0, then
(1-¢"N)+ (" " +¢"(N-1)—q)g*
(=g 7o) (L—g %) ’

where N denotes the number of zeros of f (x) in Fy.

Z(s,h) =

We shall identify an elliptic quadratic form with one of the polynomials listed
in table (3.9). Then as a consequence of the previous Proposition we obtain the
following result.

Corollary 3.2. If h(z) € Z, [z] is an elliptic quadratic form in n variables, then
Z(s,h) = =2

17q—n72s .

n

The following result describes explicitly a fundamental solution of (9, 8)u = g,
g € A (K™); this result follows from Theorem 3.1 and Corollary 3.2.

Theorem 3.2. Leth(z) € Zyp [x1, ... ,xy] be an elliptic quadratic form, and h(0, B)
the p-adic pseudo-differential operator with symbol |h|§<, B >0. If B # %, then the

distribution
1- p_2/6 26—n
Eg(x) = (1—17—”% l=llg,
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is a fundamental solution of the p-adic pseudo-differential equation h(0,)u = g,
with g € A(K™).

Theorem 3.2 is valid for any finite extension K of Q,. In [11], [10, Chap. 2]
Kochubei calculated explicitly the fundamental solutions for the elliptic opera-
tors. The restriction of these distributions to the space A(K™) coincide with the
distributions given in Theorem 3.2 when § # .

4. p—ADIC GREEN FUNCTIONS

A fundamental solution G of the pseudo-differential
(f0.8)+Nu=g, BAER BA>0, geSK")

is called a p—adic Green function. Since |f (w)@ + A # 0, for every x in K", the

distribution
REST
[flx + A

is a Green function. We shall say that G is the Green function associated to the
operator f (9, 3).

4.1. Integration on the fibers. Let g¢(z) be a non-constant polynomial with
coefficients in K. Let Cy and S, = g(Cy) denote the set of critical points and the set
of critical values of the mapping g : K™ — K. In the case in which g a homogeneous
polynomial S; = {0} (see e.g. [5, Theoren 2.5.1]). For any z € K™\ {0} we define

42| to be the residue of the measure |dz| along the fiber g=! (z), and
9

d
(41) R = [ ow|T).

g7 1(2)

where ® € S(K") is a fixed function. If ® is the characteristic function of R}, we
use F'(z) instead of Fg (z). The function Fg (z) is locally constant on K \ {0},
and satisfies

(4.2) / B (2) |dz]| = / Fa (2)|d
Kn K\{O}

for every ® in S(K™) (cf. [5, Lemma 8.3.2]). The following Lemma, that follows
from (4.2), will be used later on.

Lemma 4.1 (cf. [5, Theorem 8.4.1]). Let g(x) € K [x1,... ,z,] \ K be a non-con-
stant polynomial such that Cy is contained in g 1(0). Then

(4.3) Zo(s,g) = / Fy (2) |2]% |dz|, Re(s) > 0.
K\{0}
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4.2. Asymptotics of G\(x) as x|/, — oo.

Theorem 4.1. Let f (z) € Rg [x1,... ,2,] \ K be a form of degree d, and (0, 3)
the p-adic pseudo-differential operator with symbol |f\i, B > 0. The Green function
Gy corresponding to f(0, ) admits the asymptotic expansion

o) _1\ym-—1 _ . dfm
o) = (== ) S S T2 g e

m=1

as ||z|| — oo. In particular Gx(z) satisfies

o) = (== ) L5 2 00 el + 0 (S et

1—gq A2

as [all; — oo.

Proof. The asymptotic behavior of G at infinity can be studied by considering
the action of G\ on functions of type 2_;, the characteristic function of the ball
(PI}Z)", as I — oo (see Remark 3.1). By definition

(G0 = <%,flﬂz>:<%,q"lgl>
|fl + A [l + A

_ |dz|
#4) - / gl |f ()5 + A

R

and by using integration on the fibers, (4.4) can be rewritten as

F(t)
(4.5) (Gr, Q) = / PRVEIP Y |dt] .
R0y ! K
By applying the asymptotic expansion
1 oo

S —1)™tyn as y — 0,
Ty (=)™ "y asy

m=1

in (4.5) we obtain the following asymptotic expansion for (G, Q2_;):
o0 —1dBm

(4.6) (G, Q) = (—nm*11m+1

m Ric\{0}

By using Lemma 4.1 and (2.6) in (4.6), we obtain that

[tom F(t) |dt], | — oo.

OO —ldBm
m—14
<G)\;Qfl> = Z (_1) ' )\m+1 Z(ﬂmvf) =
m=1
0o m Z ﬁm f q—n—dﬂm Mmoo
Z ' Aerl ) < 1 —q HxH(Iié@ yq lel )
m=1

as | — oo, i.e.,

(@7)
(Gn0) = 3 2 (o (A ) o).
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From (4.7) by using Proposition 2.1 we obtain that

(48) Gi(@) =Y (-

(=g

—d —
]| 2™zl g — oo

m=1

The second part follows directly from (4.8). I
4.3. Remarks.

1. The previous Theorem is valid for a twisted operator f(9, 3, x), in this case it
is necessary to change Z (8m, f) by Z(8m, x, f) in the statement of Theorem
4.1.

2. Kochubei has studied the asymptotics of the Green functions associated
with elliptic operators (see e.g. [10, sect. 2.8]) at infinity and the origin. The
asymptotics obtained by Kochubei at infinity can be recovered from Theorem
4.1.

3. Sato’s asymptotic expansion for Gy, [15], is only valid for forms that are

invariants of prehomogeneous vector spaces.
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